A simple Born-form approximation at the one-loop level for e + e − → W + W − at high energies is given in analytic form. The different contributions to the three invariant oneloop amplitudes, S (−) I (s, t) and S (±) Q (s, t), determining the Born-form helicity amplitudes are thoroughly investigated analytically and numerically. At energies above 500 GeV, the accuracy of the simple Born-form approximation for the differential production cross section is better than 1% for almost all W + W − production angles, independently of whether the W + W − polarization is summed over, or whether a longitudinal or a transverse polarization is selected for both the W + and the W − .
Introduction
The process of e + e − annihilation into W pairs is one of the outstanding reactions to be explored at LEP 2 and at any future linear e + e − collider. While simple at tree level, the evaluation of the amplitudes for this reaction at the one-loop level [1] - [3] , as a consequence of the large number of contributing Feynman diagrams, leads to formulae of enormous complication only available in extensive computer codes. A simple approximation of the one-loop result, at least in the high-energy limit, is highly desirable from a theoretical point of view as well as for practical reasons.
In ref. [4] , it was conjectured that the one-loop helicity amplitudes may be represented, in good approximation, by helicity amplitudes that have the form of a Born approximation, only differing from the tree-level Born amplitudes by a replacement of the electromagnetic and of the weak coupling by s-and t-dependent invariant amplitudes. The necessary condition of unitarity constraints in the high-energy limit acts as a guiding principle for the choice of the set of (only) three invariant amplitudes appearing in the Born-form approximation. In ref. [4] , it was indeed shown that the total cross section and the angular distribution of the W bosons may be well approximated by such a Born-form approximation. From a slightly different point of view, an identical Born-form approximation was given in ref. [5] .
The demonstration that a Born-form approximation of the helicity amplitudes is posssible, in refs. [4] , [5] , had to rely on a numerical evaluation of the one-loop-level amplitudes. No insight into the detailed structure of the contributing three invariant amplitudes has thus been obtained, and the evaluation of the three invariant amplitudes by the corresponding computer codes is not much simpler than the evaluation of the full one-loop helicity amplitudes, which depend on twelve invariant amplitudes. In other words, the important problem of deducing a simple (high-energy) approximation for the three invariant amplitudes appearing in the Born-form approximation was left unsolved at the time. Moreover, no attempt was made in refs. [4] , [5] to construct the Born-form approximation in such a manner that not only the cross section summed over W polarizations, but also the cross sections for specific W polarizations would be adequately approximated.
The purpose of the present work is twofold: i) to show that the three invariant amplitudes appearing in the Born form for the helicity amplitudes can indeed be chosen in such a manner that the helicity amplitudes for fixed polarization of the outgoing W -bosons are adequately approximated, and ii) to give a simple analytical high-energy approximation for these invariant amplitudes.
A realistic description ‡ of W -pair production requires that hard-photon radiation be added and W decay be taken care of in conjunction with the inclusion of background processes for which a treatment at tree level is sufficiently accurate. In this context the present work provides a simple and compact representation of the virtual electroweak and soft-photon-radiation corrections to W -pair production.
In section 2, we will give the one-loop Born form which at sufficiently high ener- ‡ We refer to ref. [6] , [7] , [8] and the literature quoted therein.
gies yields an adequate approximation of the helicity amplitudes for transverse as well as longitudinal polarization of the W bosons. In section 3, a brief analytic high-energy approximation for the invariant amplitudes S (−) I (s, t) and S
(±)
Q (s, t) in the Born-form approximation will be given. In section 4, the simple high-energy approximation for these amplitudes will be numerically compared with the full one-loop results. In section 5, the exact and the approximated differential cross sections for various W polarizations will be compared. Some details on the derivation of the Born-form approximation described in the present paper and a numerical comparison with the previously suggested approximation are shifted to appendices A, B and C. Final conclusions will be drawn in section 6.
Born-Form Approximation
We briefly recall the Born approximation for the process e + e − → W + W − . The helicity amplitudes may be written as a sum of two terms proportional to the squares of the SU(2) gauge coupling g and the electromagnetic coupling e:
Here, and elsewhere, σ and λ,λ denote twice the electron helicity and the W + ,W − helicities, respectively. In the notation of ref. [4] , the amplitudes M I and M Q are given in terms of the basic amplitudesM 1 (σ, λ,λ) andM 5 (σ, λ,λ) by
3)
The evaluation of the cross section requires a choice of the scale at which g and e are to be related to experiment. For the high-energy process of W -pair production the choice of a high-energy scale, such as the centre-of-mass energy squared s, seems most appropriate. At LEP2 energies, the choice of s ∼ = M 2 W was shown to yield reasonable results [9] . This choice amounts to employing e(M 
with ∆y SC = 3.3×10 −3 , a constant, practically independent of the values of the top-quark mass and Higgs mass, which in principle enter the radiative one-loop correction ∆y SC . At the one-loop level, the helicity amplitudes depend on twelve invariant amplitudes. In the notation of ref. [4] , H(σ, λ,λ) becomes 
We refer to ref. [4] for the explicit definition of the basic matrix elementsM i (σ, λ,λ). They were chosen in such a way that the invariant amplitudes Y (σ)
i (s, t) are related to various s-channel multipole interactions, a t-channel-exchange and a contact interaction.
Out of the set of twelve invariant amplitudes, only the three Born-form invariant amplitudes contain (renormalized) ultraviolet divergences and depend on an infrared cutoff. Accordingly, it was suggested in ref. [4] to approximate H(σ, λ,λ) by restricting oneself to an expression of the Born form by dropping all other terms in (2.5):
We note at this point that the requirement of a Born-form approximation by itself, in general, does not uniquely determine the Born-form invariant amplitudes S Q (s, t). One condition for a reasonable Born-form approximation is mandatory, however: the basic matrix elements (with the corresponding invariant amplitudes) are to be chosen in such a manner that the high-energy unitarity constraints on the helicity amplitudes are fulfilled, even upon applying the Born-form approximation (2.8 ). An analysis of the high-energy behaviour of the helicity amplitudes (compare [4] and table A1 in appendix A) reveals that the invariant amplitudes in the decomposition (2.5) fulfil the necessary unitarity constraints
Dropping the terms with i = 2, 3, 4, 6 in (2.5) thus yields a possible approximation. For transversely polarized W bosons this approximation is numerically successful; the M I term with its 1/t ∼ 1/s(1 − cos θ) forward peak dominates all other contributions. For mixed W polarizations (λ = 0,λ = ±1 and λ = ±1,λ = 0) and for purely longitudinal polarization, this approximation turns out not to be very satisfactory.
Noting that in the high-energy limit ( √ s ∼ 2000 GeV) the purely longitudinal amplitude becomes dominant with respect to the mixed transverse-longitudinal one [11] , it is suggestive to modify the invariant amplitudes (2.6),(2.7) in the Born form (2.8) in such a manner that the purely longitudinal helicity amplitude is reproduced exactly (except for the presence of S (+) I ), without spoiling the good approximation for the transverse case. For details we refer to appendix A, and only state the result. Choosing S (−) I (s, t) as in (2.6), but modifying S (±) Q (s, t) in (2.7) by adding an appropriate contribution containing
This expression is found to coincide with the so-called form-factor approximation (FFA) of ref. [5] (see also ref. [6] ). For completeness, in appendix A, we give the full expression for the helicity amplitudes, when adopting (2.10), (2.11) and (2.13), (2.14) for S Q (s, t) numerically at the one-loop level, we compare the different Born-form approximations based on (2.10), (2.11) and on (2.13), (2.14) for various choices of the W + W − polarization. In particular in the high-energy limit ( √ s ∼ = 2000 GeV), in which purely longitudinal production (both W + and W − longitudinally polarized) dominates [11] over the mixed case (one W transverse, the other one longitudinal), the novel Born-form approximation (2.10), (2.11) of the present paper yields better results than the one based on (2.13), (2.14) examined previously [4] , [5] , [6] .
In section 3, we will give a simple analytic high-energy approximation for the invariant amplitudes S (−) I (s, t) and S (±) Q (s, t) in (2.10), (2.11) . This high-energy approximation will be numerically compared with the full one-loop results for S 
The reduction of the set of twelve invariant amplitudes to a set of three invariant amplitudes in the Born-form approximation provides an important conceptual simplification.
The approach develops its full power, however, upon constructing a simple analytic highenergy approximation for these three invariant amplitudes, S (−) I (s, t) and S (±) Q (s, t) at the one-loop level.
Rescaling the invariant amplitudes by their Born value (2.1), and removing the infrared singularities by adding a soft-photon bremsstrahlung correction δ Br [3] , we define the amplitudesŜ
In the subsequent discussion of the numerical evaluation of the invariant amplitudes, we use these hatted quantities, which are infrared-finite, but depend on the soft-photon cut-off ∆E. Note that at tree level,Ŝ (−)
Q (s, t) = 1. In a first step, we approximate S Q (s, t) by taking into account the leading fermion-loop corrections due to the light leptons and quarks and the heavy top quark, as well as the initial state radiation(ISR) in leading-log approximation.
§ The light fermions imply replacement of α(0) by the running electromagnetic coupling α(s), while the top quark yields the well-known SU(2) breaking proportional to m 2 t . The invariant amplitudes becomeŜ
where β is given by (2.12) and
(3.8) § When supplemented with the Coulomb correction, this approximation coincides with the improved Born approximation (IBA) of refs. [5] , [6] , which is sufficiently accurate at LEP energies, provided the correction ∆y SC from (2.4) is introduced, [9] . Note that (3.3), apart from ∆ LL , amounts to nothing else but using (2.4) with ∆y SC = 0 for the SU (2) coupling g.
One expects that this approximation, based on fermion loops and the leading-log ISR only, will be insufficient at high energies. This will be quantitatively discussed in section 4. In order to improve the above approximation (3.3), (3.4), bosonic contributions have to be added. As we are aiming at a high-energy approximation, we add the high-energy expansions, S (−)dom I (s, t) and S (±)dom Q (s, t), of the one-loop corrections not yet taken into account in (3.3), (3.4) to obtain
For the determination of the explicit form of S (−)dom I (s, t) and S (±)dom Q (s, t) a high-energy approximation of the full one-loop expressions must be carried out. Fortunately, this task, which is in principle straightforward and is in practice time-consuming, can be avoided by establishing a connection betweenŜ
Q (s, t) and results given in the literature. In ref. [12] , without providing a Born-form representation for the helicity amplitudes, the differential cross sections for various polarization states of the W bosons were given at one loop in high-energy approximation.
The argument which allows one to connect (linear combinations of)Ŝ (−)
I (s, t) and S (±)
Q (s, t) with the results on one-loop cross sections in ref. [12] is slightly different for longitudinal and transverse W polarization. As emphasized before, our choice of basic matrix elements (compare (A.1) to (A.11) and (2.10), (2.11)) is such that the helicity amplitudes for both W + and W − longitudinally polarized solely depend on S
(±)
I (s, t) and S (±) Q (s, t). Accordingly, by comparing the differential cross sections in terms ofŜ
Q (s, t) with the high-energy approximation for the differential cross sections at the one-loop level from ref. [12] , we obtain
where the high-energy one-loop corrections to the cross sections C B −,L (s, t) etc., are given in ref. [12] and will be reproduced below. For details on the derivation of (3.11), (3.12) and (3.13) below, we refer to appendix C.
For transversely polarized W bosons, the helicity amplitudes in general depend on additional invariant amplitudes besides S (±) I (s, t) and S (±) Q (s, t). Nevertheless, from the numerical analysis of appendix B, we know that the Born-form approximation is excellent at high energies when inserting one-loop results for the invariant amplitudes. In fact, only S (−) I (s, t) appears in the high-energy approximation, thus implying (compare appendix C)
In order to obtain explicit expressions forŜ
Q in the high-energy approximation, we now neglect the extremely small ¶ contribution fromŜ
in (3.12). The dominant contributions to the coefficients C B/F ±,L , C B/F −,T depend (quadratically or linearly) on log(s) and are given in ref. [12] . Substitution on the right-hand side in (3.11) to (3.13) and numerical evaluation shows that the main part of the full one-loop results forŜ
is reproduced by these leading terms in the cross-section coefficients C B/F ±,L and C B/F −,T . In fact, the difference between this high-energy approximation and the full one-loop results forŜ
Q is only weakly dependent on energy and on the mass of the Higgs boson for reasonable Higgs masses of M H = 100 GeV to M H = 300 GeV. Accordingly, the rest terms beyond the leading order may be taken care of by adding small constants, correctly adjusted in magnitude to approximate the full one-loop results forŜ
Q wherein, for definiteness, the energy is chosen as √ s = 2 TeV, and the Higgs mass as M H = 200 GeV. In this way, we arrive at the following results:
− 0.012, (3.14)
is of order 10 −4 . Compare (12) of ref. [12] . 4c
As mentioned, the constants in (3.14) to (3.16) are adjusted such that the full one-loop results forŜ
TeV are well reproduced. Table 1 shows the values of the constants, if these are adjusted toŜ 
In order to compare the various approximations forŜ
Q (s, t) of section 3, we numerically evaluated these for the choice of two energies, √ s = 2000 GeV and √ s = 500 GeV. As basic electroweak input parameters, we use the fine-structure constant α and the Z 0 and W ± masses M Z and M W . Accordingly, the coupling constants e and g are given by Q (s, t) from (2.10), (2.11) were numerically produced by evaluating the computer code created by one of the authors [14] ; * * ii) the fermion-loop approximation with ISR, (3.3), (3.4), was numerically evaluated; iii) the full high-energy approximation based on (3.9),(3.10) and (3.14) to (3.16) was numerically evaluated.
The results of the numerical analysis are presented in fig. 1 I , apart from a small deviation in the backward region at √ s = 500 GeV. According to figs. 2 and 3, alsoŜ
GeV is very well represented by the high-energy approximation, while at √ s = 500 GeV, there is some departure from the full one-loop result. The discrepancy between the high-energy approximation and the full one-loop result forŜ
GeV (see fig. 3 ) can be removed by using a constant of magnitude +0.063, slightly larger than the value of 0.045 that gives a good approximation at √ s = 2000 GeV. Compare table 1. * * The results of ref. [14] were verified to agree with refs. [3] , [5] , [6] . I (s, t) as a function of the W production angle, θ, for √ s = 2000 GeV and √ s = 500 GeV in (i) the full one-loop evaluation including soft-photon bremsstrahlung (solid line), (ii) the fermion-loop approximation including soft-photon bremsstrahlung (dashed line), (iii) the high-energy approximation based on (3.9),(3.10) and (3.14) to (3.16)(dotted line), (iv) the Born approximation (dashdotted line). Q (s, t), particularly at 2000 GeV, between the fermion-loop approximation with leading-log ISR, (3.3),(3.4) and the full one-loop result or, equivalently, the high-energy approximation based on (3.9) and (3.10) upon substituting (3.14) to (3.16). As the soft-photon cut-off ∆E drops out of the difference between the fermion-loop approximation with leading-log ISR and the full one-loop results (or the high-energy approximation), the large difference between the corresponding curves in figs. 1 to 3 constitutes a genuine effect of virtual electroweak radiative corrections. This effect of, e.g., 10% to 30% inŜ
GeV, is independent of the Higgs-boson mass, but it constitutes a genuine effect due to the non-Abelian form of the electroweak theory, which gives rise to various box diagrams and vertex corrections of bosonic origin.
In section 2 and appendix A, we pointed out that S Q (s, t) from (2.10), (2.11), evaluated at one-loop level, yield an excellent (Born-form) approximation of the differential cross sections for various W polarizations in the high-energy limit. Since S (−) I (s, t) and S (±) Q (s, t) at one loop are well approximated by the simple high-energy form (3.9), (3.10), we expect excellent results for differential cross sections when employing (3.9), (3.10). The detailed numerical investigation of various differential cross sections is the subject of section 5.
Numerical Results for Differential Cross Sections, including W -Polarization
In this section, we will present a detailed comparison of the numerical results obtained for various differential cross sections at √ s = 2000 GeV and at √ s = 500 GeV in i) the full one-loop evaluation, generated by the computer code of ref. [14] , ii) the Born-form approximation, using the exact one-loop expressions for S (−) I (s, t) and S (±) Q (s, t) generated by the computer code of ref. [14] , iii) the high-energy Born-form approximation with S (−) I (s, t) and S (±) Q (s, t) evaluated in the high-energy approximation (3.9), (3.10) upon substituting (3.14) to (3.16).
The accuracy of a specific approximation will be quantified by the percentage deviation
which is obviously independent of the arbitrary soft-photon cut-off ∆E.
First of all, we concentrate on the total cross sections for fixed polarization of the produced W bosons. Table 2 shows, for √ s = 2000 GeV and √ s = 500 GeV, the cross section summed over the polarization of the W bosons ("unpolarized") as well as the cross sections for the cases where both the W + and the W − are transversely and longitudinally polarized, and, finally, the cross section for the case of one longitudinally and one transversely polarized W ("mixed" ). One observes that there is no significant difference given by (3.9) and (3.10) with (3.14) to (3.16). The second column gives the result of the Born-form approximation obtained by evaluating (2.10) and (2.11) at the one-loop level exactly. The third column shows the full one-loop result and the Born approximation.
between the high-energy Born-form approximation (iii) and the Born-form approximation (ii) in all these cases. For the unpolarized, transverse and longitudinal cases, the accuracy of the Born-form appproximation, with ∆ < 0.5%, is truly excellent. As the mixed polarization at √ s = 2000 GeV contributes only a tiny fraction of about 2 per mille to the cross section, the fairly large deviation between the Born-form approximation and the full one-loop results is irrelevant with respect to future experiments. At √ s = 500 GeV, the mixed case contributes about 3% percent to the cross section, and an accuracy of 3% is therefore sufficient.
A detailed analysis of the differential cross sections at √ s = 2000 GeV and at √ s = 500 GeV for various polarization states of the W -bosons is presented in tables 3 and 4, respectively. For the W ± -spin-summed, transverse and longitudinal cases, the accuracy of the high-energy Born-form approximation at √ s = 2000 GeV is better than 1%, except for the production angle of 170
• , where the accuracy is of order 3%. Even at √ s = 500 GeV, the accuracy of the high-energy Born-form approximation stays below 1% for most of the angular range. For the case of mixed polarizations, because of the strong suppression of the cross section relative to the sum of purely longitudinal and transverse production, at √ s = 2000 GeV, the larger deviations in the Born-form approximation are fairly irrelevant, not only for the total but also for the differential cross section. At √ s = 500 GeV, the relative contribution of the mixed polarization is larger than in the asymptotic Q (s, t) from (3.9), (3.10) with (3.14) to (3.16). The second column is based on an exact one-loop evaluation of S In summary, the high-energy Born-form approximation described in the present paper provides, in general, a fully satisfactory description of the differential production cross section for various polarization states of the W -bosons at the one-loop level. We stress again the simplicity of the underlying one-loop high-energy approximation based on formulae that roughly fill a single page in section 3, while the complete expressions need a factor of 10 to 100 more space [2] , [3] , [14] .
Conclusion
It has been known for some time that a Born-form approximation with three invariant amplitudes yields a satisfactory approximation of the differential cross section for Wpair production at one loop. In this paper, we present a novel choice for the one-loop invariant amplitudes that is well suited for an approximation in the high-energy limit, including W polarization. The invariant amplitudes, S Q (s, t), replace the weak and electromagnetic couplings appearing at tree level, and their high-energy form can be written down in a few lines. It is worth stressing that a dominant and fairly big contribution to the invariant amplitudes at high energies is of genuine electroweak origin. This dominant part is due to (non-Abelian) bosonic loops, but it is fairly insensitive to the value of the Higgs mass, as long as the Higgs mass is constrained to values for which perturbation theory provides a good approximation.
Appendix A. Helicity Amplitudes and High-Energy Behaviour
In this appendix we briefly recall the origin of the unitarity constraints (2.9). Furthermore, we give the helicity amplitudes in the representations that yield the Born-form amplitudes (2.10), (2.11) and (2.13), (2.14), respectively.
The unitarity constraints (2.9) on the invariant amplitudes follow from inspection of table A1, which shows the high-energy approximation of the basic matrix elements, M (σ) 2, 3, 4, 6 ). The requirement of a unitarity-preserving highenergy behaviour of the helicity amplitudes, together with the linear independence of the column vectors of the matrix in table A1, implies the high-energy constraints (2.9).
(±;00) 
(− : 0−)(−; +0) (+; 0−)(+; +0)
(1 − cos θ) (− : 0−)(−; +0) (+; 0−)(+; +0) σ
(1 + cos θ) (− : −0)(−; 0+) given by (2.10) and (2.11). The second column gives the result of previous work [4] , [5] , which is based on the one-loop evaluation of S Comparison of (C.5), (C.6) with (C.7), (C.8) yields relations (3.11) and (3.12).
In the case of transverse polarization for the W -bosons, in contradistinction with (C.3), the cross section also contains contributions from invariant amplitudes different from S (±) I (s, t) and S (±) Q (s, t). In this case, (C.2) is indeed an approximation, even for left-handed electrons, σ = −1. ¿From the numerical one-loop evaluation of appendix B we know that it is an excellent one, i.e. all leading terms are taken into account by this high-energy Born-form approximation. Moreover, according to table A1, equal transverse helicities are suppressed in contrast with opposite ones for which M Q is suppressed. The one-loop corrected cross section at high energies for transverse polarization of the W bosons depends onŜ immediately implies relation (3.13). In summary, with our choice of basic matrix elements, the high-energy one-loop correction coefficients to cross sections, originally introduced without reference to a Born-form approximation, become identical to linear combinations of Born-form invariant amplitudes.
